











































































































Voll
Chi linesand planes Egnplaneg

y fh n ny na MX Althly Yoltmcz 20 0

Thesetof all points
UMBsatisfyingthisequation
layon a plane

4h27 curvesand surfaces

To parametrize a line in say 32space
Idea A line inany dimension ofspace is definedbytwopoints

Betweenthesetwopoints we have a OXOYOZ
Parametrizationofalinein irectionOf40404027anchored atKoYoZo8

Oye
thed

YCti 04EtYo
2Let soft 1Zo

too tso a tan Avon'tmatterfarnow

Ed write theparametrization for the line
inthedirectionofthesegment joiningthepoints
3,154 2 1,0 offset to include 91 l
Ox 2 3 1 Xoso 11
Oy I is 2 yo Mtl 1 fat

t o Lo i D
02 0 2 2 Z s l Ect Zt














































































































EXI Givea parametrization of a line passingthrough PCs1,4
andparallel to theplane4xt3y Z 3

Let'svisualize 2 Xso 2 so 4 1
theproblem 4 97 0 x 3g

X 0,40 2 3P My
x

Y

Is to 1,4 ontheplane
45 13CD 4 2.3
13 13 No PisNot intheplane

SowhatCanwedo
Findan equation of the appropriate line In the
plane then offset it to our point P

solet'sforce 11 5 andpluginto thePlaneesuation
4 s t3y 2 3
3Y Z 17
2 3y t 17 f Line intheplane411 5

Pause for a moment Does the
17 matter here for our problem It's just an offset
All of the directionality and slope is encoded
in by 34














































































































Z 3y is the direction ofourline

tt t t bwesatisfyls hey

ExtraQuestion Whatis theanglebetweenour lineandthenormal
to our plane

Anotherthingthatcanhappen givenparametricequationsfindtheimplicit
form

Findtheimplicitform
Htt 3 y2t
yctl zc.se x Eg

ko5tt9sinzt

g7lt73Sint

Sketch Consider What if wehad yet 3cost
7

Ect 3Sint X unspecified Cylinder
z circularcross

sections
in ye
Plane














































































































Sketchingsurfaces in 3D
1 Makeequationlooknicelfamilian
2 SetX 94 92 0 andsketchin Crosssections
3 AdjustvaluesofKy 2 toformapicture

y 4 2 22 2

makeequationlook nice
4 4 24222

2 X o 4 22 2 Z O 4 4 2

Parabola in Y 2 plane Parabola in Xyplane
4 0 4 21272 0 7 X z O y origin

Alsonoteycan never benegative
z We have aparaboloid

yet
Ys I

x
I

k

e














































































































t If moretime Planes xtyte l and try to 4 intersect
in a line Parametrize that line

Weneed an eqn forall CXy z thatsatisfyboth plane
equations
Xtyt e I

1 14132412
y ZZ 3

y zz 3 This is thecollectionof all Z'sandY's
satisfyingbothplane equations

Let
2Ctl4
461 2t 3

3Find Nt using ya Ectg X Zt 3 t t I
X t 2
X t tz

fi

6h31 Is justthedistformula againandagain WillnotcoverinRecit














































































































Che Vectors 1 unit Vectors magnitude1 Hill _I

Vectoraddition
his

example

anti

puttiprf a to tailoff
Resultant Drawvectorfromtail of firstrector d to tipoffinalvectorCD

tf I t

Chs Dot products no
I f Givthzkt.a.tunvn llullllrtlcoso scoso.TV
Measures howparallel twovectors are

hi ill

Optional where it comesfrom
Fromlawofcosines 1h12 4th uz ki

I f linkhiithikhillilcoso this BY
2hillrtcoso.lutlvT 1wp

f W W f Lh 4,4Vyh5V3
hitsuituitui likrituitus














































































































hit up 24kt Vitus zurktritup zu ist b
hit't lip hit 44ktleakthis
chilliloose hit'thit hit 2144 this third
hi1IVlcoS0 4htUzktU3VzEU

projections

If i L riff what istheprojectionof it inthedirections
off

proicuindir.fr lluTlcoso 0 YjY h.fg

Hills 91167 525 5
sentence 7

ProiliindirofW Ey 1 IIII
Eh6 Crossproducts

crossproducts Measure howperpendicular twoVectors are

Txt intopage II
tu outofpage

Nixon HillHillsing
it

3in Nii tai nil akixiltcacqcixj.lt cKiril
O t k I CD














































































































crossproduct tix i giresrectornormal to TandTChiefExist
Find theequationof theplanespannedby vectors
vi ft T fi andcontaining thepoint Clint
Planeeqn h ex Xothyly ydtheft Ed 0
XoYoEo l Z Z t

Find D fix ny nz via
K tixto couldalsouse VII f cixi I

i j

n'xp Clinton Ili x lit litoti
Hullixiltalcncixi tcncnfixiltc.nucrixi
A j ti

ri i i t ti i n L ny l n I
l X l l y 2 t l E 2 o 1

Ext parametrizethe intersection ofthe planeswithnormalvectors
ni Lo ni if thepoint 311,4 is onthisline

normaltoplane D nixon or nj n
Citi ziti il i'e i

R j za ti

1
i

H 3 Y D G 47 0 1














































































































Kh7 Introtovectorcalculus

Flt isthepositionrectoranchoredattheorigin
Sometimes denotedITCH

girl I fslim i
I
t in fits Ian IIIt TreateachComponentseparately

4hA VectorCalculusandMotion
T NBfrane
Hereistheidea
Foranypointon a curve thereis a
tangent Vector I

TheTN B frame is useful when it is impossible to
use a standardcoordinatesystem to a problem as in
general relativity

D Too IT IN if














































































































Wecanalwaysexpress acceleration in termsof Vectors
TD E att tant sa HIM an HIM

Howcurvy neighboring curature
regionis

optional Deriving E HillTtkHill't
a Yes fin Hifi t.tt T

dYTtYeltIe.dfd

sfI HN changeinThtrespectto l
willbesomemultiple H
of thenormalN

adf.tt lwiif.I
tfTtH4f5N
dgddfdtHlYeIN

HillTHINK'd














































































































ResumeHere

BinornT D TxW
TandNareboth unit
I B is unit

FindTN F for Ntl _coscznitsincu.li
T 11 D 2sinczaitzoos I 3 11811 2

1 sincztlitcoscu.li

ii I11T'll

T's zcoscztli zsinl.at j
HT'll Z

Ns ascztsi si.nu t
Check F N O J

B Txt It inthiscase 4TH

Butwhichone Choose apoint to F fi N o t

CurvestaysinXYplane expected














































































































If time i Oscullatingci Bestfit circle tocurve

radiusofosculatingCircle smallcurvaturebigradius

Hence thecenterof thecircle isgiven
CenterCt ICHt NCH

µ

Eh91Matrices 3 3 example

I
Transpose switchesrows w columnscolumns w rows

Ext Ast s
SizeCA 3 4
size 4 3

At 37g CAD A














































































































4h10 Matrix Multiplication

Recall if wehave avector atfla I E E abtack
Matrixmultiplication is a wayoftaking a bunch
of dot products And it s defined that way
A B C

l iiiii
Ci 1strowofA 1stcolumn B
CR 1strowofA 2ndcolumn B I

firstrowfirstColentry c
firstrowsecondCdentry t

Cz 2ndrowofA 1stcolumnB SecondrowfirstColentry c
zz 2ndrowofA 2ndcolumnB SecondrowsecondColentryCc

This is all capturedwith a summation

Ci AB 4AirBay ithrowofA jthouB

But youcan'tdot a 3dVectorwith a 22Vector
So this dot productdefinition imposessome

conditions

ForAB IF H is Mxn Bmustbe nxpABis mxp














































































































l it it i di p
Themost importantthing Rememberthis

3 3 3XI

g
Note when multiplyingwithfingers the3 isalways
selected whenpointingtothefirstentryofeach
rowofthe33 Thispatterncontinues

is did t.li1

Caution AB BA generally but ACBC CAB C

YoucanVerifythis butthesepropertieswillbegivenq
beautifulgeometric interpretation
when we cover linear transformations














































































































ChillMatrixEquations

Linearsystemsofequationscanbeencodedinmatrices AXII

li i
A I I

son is

Eh14 Row Reduction

Ideasgiven a system thatlooks likethis

iiiillicit Itp
Thisis adiagonalmatrix5 If wecanmakeasystem
into adiagonalmatrix it is much easier to
find a solution














































































































Rowoperationitooursystemwecandothefollowing
X 3 132 8 shifty 5 14 28 744 loxtzy 4 14
5 4 28 7 X 34132 8 3 4192 24
2 1 y z G 2 4 2 G 8 1 4 42 24

Adding
cEns 10 124 42 14
7 5 54152 0

Theseoperationsall apply to the augmentedmatrix which is
a way to consolidate information

y z
I 3 3 8 Rz

Is iii info
clearfirst Clearingzndon

I 9Rz RstCR

ni i
S

c p
O 5 5 10

iii in p it.in ni iliil
T T

clearing Sdn
3rdCol

11 2
114 11
17 1














































































































4h13 InverseMatrices
The idea 241 2 341 3
AI A BI B
IA A IB B

I 3 3 case

3 AA I A 1

system Afs I A AI A I II A I
I A

EI 2x t Y t 2 0

X Hy t 2 2
X ty 2 I

t.it'd stil
A I I
I A I

s
g AT














































































































WIDon'tDothisin classbutgoodtohave

Ki l I L
111,4 s t puttingleftside asKIMforcesmsn.s.vetosell

f 1 puttingtestsweas I forcesrightsidetoa Eg

g E 4 Puttin isasideasLt forcesmsn.s.veasIITs

Sowe candothisall at once inparallel

I L D
A 9

goto I i will A

iii
R i Ri tRs

ni L L














































































































n

c L

I
F A I

ii it

An important formula For a 2 2matrix A IE T

A f.ci
Verify A G Y A If T

A f it III Is
I














































































































wheredoes it comefrom

kill ii l p
ax the I
GYt bw o 4 eEns

cxi.dz o 4
41

CYtdw I

4h14 LinearTransformations

Here'san idea Ctscales a rector what ifwewanted
tomove avector or rotate theVector transform
theVectorto anewrector

Matrices tell Vectors howto transform
Attu

How

Any rector in 20 P X i t yin
All Vectors in20 are made bysimplychangingX or Y
Vs GivenX y to














































































































Idea If wetransform in I the basis for
IR weeffectivelytransform all Vectors
inHR b c all Vectorshave i j as 1
fundamental ingredients

EaintCcj I
I thin ftp.afAiltczCAI

TransformedF G transformed i t Caltransformed J
gift 4

I
T TVt

Xif it

ExIFindtheMatrixA that stretches thehorizontal axis 3x andcompresses
the Vertical axis by afactorof 2

Af will stretchthe horizontal comp ofV 3x and
Compresstheverticalcompioffbyafactori

At c ii taint c te p I
A p i j ColumnsofAtellYouwhere

tosend is I II














































































































ED FindthematrixAthat

At ShearstheVerticalaxistothelineY 2x
BB RotatestheplaneCCWby 90

Breakapart into 2matrices thenmultiply together
Why Af Vt

BVI tiny BAV D V C 1

it it
B B p if t

A In 1N animportantpropertyof shearforftb is that
ad be I Thiswillmakemore sense later

it It
4 2X x s Ysl A fo t

CD BA f IIfo 4 ff9














































































































Don't Do in Recitation
Extra Exercise Find the matrix thatundoes
the abovetranformation

Rotate CW 900
sendtheline Y 2x tothe vertical
send theY axis toy 2 1Viaashear

Y

f d l it
x

fo il
aol.fi ill if
i

Remember the lastproblem A 19

AA fi f i ftp.I
A A expected














































































































Chis Coordinate Transformations
Idea iand i span all of Z D space ForanyVICHY

I Xity I
i and I are the fundamental building blocksof
IR And remember i and i are vectors themselves
Arethereother Vectorswhichcandefineall of 20Space
Is thereanotherBASISto IR

Yes There are an infinite ofBases
Geometrically Not Htc Itc his8abasis'T

Truefor
it 1 e so o

hi
hihi are LI Iff the
1

F Zit 3J ample only is satisfying A
kit 3kW are 4 6 0

I

But that'snot thecase

f i f
f a

fi VfwI Tini
i i














































































































For a pointCXY inthebasis i I findthesame point
ca b inthe basis ri ri

I Lil riff variables

Thismeans Foravector f it Findthecorresponding
9,6suchthat 0 9CxyVitbCAHVI

F aritwisafft p
f xityi.ly

killL
A I f
I A f

t.it.li
I i

lit.li itEitiigii
tt xityj aritbk zxxwitcx.DK 1














































































































So If 11 4,4 3 fail 35 44113191 44

FC2.3 dritf DK zltl.tl7f f
Whatdoesthislooklike

2ViHk

i l I l I i l i l I l l I
t t l t t t t l t 1
I kxxsk431 ir I l l kxygcqp.ir I l
t l t t l t l t t ll s l 16,614411 I l s l 16,614411 I
t.tt ttri i tttt ttri

g tEKi l I I ki l I Ifthfooogitft i i fothfonogitft i i
i i














































































































AnotherCoordinate Transformation problem

write theVector f 5 in thebasis withtheXyplane
rotated30CCW
Y f 4it3j C they o w38 V in y frameT I

Goal Solvefor a cz these will bethe
coordinatesoff in theprimeframe

First Determine it it j

BYtherotationmatrix Ross Iihf
Boo 1 15,2

F aloft c It
toilet is'M

1141

f AF
x sit r

T3
134 intnex y basis 1














































































































Ghibli7 Determinants Geometricallyspeaking thedeterminant gives
the n dimensionalVolumeofthe parallelepiped spannedbyn dimensional
vectors oriented

Algebraically thedeterminant is a little strange

Ed computedet Expandalongrow1 andcolumn1

Row1expansion 11191 0139 1334 813161 10
Coilexpansion 11191 31291101931 8 3161 10 j

Generalpattern forexpansion
Remember this

What is the area spanned by the vectorsT.it I

rsIiIAreaCui.v7uxr teefp If





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































 
For example, imagine a game between Tom and Sam. In this simple game, both players 
can choose strategy A, to receive $1, or strategy B, to lose $1. Logically, both players 
choose strategy A and receive a payoff of $1. If you revealed Sam's strategy to Tom and 
vice versa, you see that no player deviates from the original choice. Knowing the other 
player's move means little and doesn't change either player's behavior. The outcome A, A 
represents a Nash Equilibrium. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


